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Abstract

of such a list taken from a web application is given in Fig. 1. The
situation in this example is that a PHP [7] web application is being
migrated. The characteristic string for each HTTP request is its
URL.
In reality, the method mentioned above is sufficient for most
web applications, as regular expressions are fairly expressive. However, this method is unfortunately error-prone when the size of
the rule set gets larger. Consider the example again, clearly the
intention of the author of this regex-action list is to have the
requests with a URL of /forum/new-posts.php handled by the
ForumTopicSummaryHandler, but since the first shown entry in
Fig. 1 also matches such requests and takes a higher priority, the
web application would decide that GeneralRedirectionHandler
should handle them instead. So this is a programming mistake here,
and such mistakes are hard to spot if for example there are other
dozens of entries in between the first and the second shown entries
in Fig. 1, a situation that is not uncommon in real web applications.
Such error-proneness is due to the order-dependent nature of the
regex-action list. Such nature prevents efficient implementations
of modularity, which furthermore prevents concise and clear specification of routing rules in large scale web applications. There are
limited ad hoc solutions addressing this composability problem in
popular web server implementations that utilize such routing mechanism, e.g. the configuration language for NGINX has a location
directive [5], but there is yet no satisfying solution.
The author believes that a carefully designed specification language for request routing would benefit numerous software projects.
But since the theoretical foundation for crafting such a language is
still yet to be established, the author attempted to fill this vacuum in
this study by giving a formalization for the request routing problem
and proposing a new family of finite automata, the finite automata
with actions, to better model the class of routing mechanisms that
are based on regular languages. The details are presented in the
next section of this paper.
To the best knowledge of the author, such formal treatments of
the request routing problem presented in this paper is the first of
its kind. And the results paved the way for the author’s attempt to
create a routing specification language for web applications.

In this research, the author formalized the request routing problem
and proposed a new family of finite automata, finite automata
with actions (α-FA), that could be used to solve a subclass of the
routing problem. The author also defined the equivocality for α-FA
and discussed its decidability. Finally, the author showed that the
subclass of routing problem that is solvable with α-FA is exactly
the same subclass solvable with the widely deployed regex-match
then route method.
Keywords request routing problem, finite automata with actions,
finite automata, specification language, URL routing
Familiarities with the formal treatments of standard finite automata
and basic knowledge of computability theory are required to understand this paper, for which the readers could consult related
chapters in [3] and [4].
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Overview
...
/.*.php
--> GeneralRedirectionHandler
...
/forum/topics
--> ForumTopicSummaryHandler
/forum/new-posts.php --> ForumTopicSummaryHandler
...
Figure 1. Regex-action list example

Request routing, e.g. deciding which handler should handle an
HTTP1 request in a web application server, is a common task in
software. In general, we call the challenge to decide what action
should be performed when a request reaches a system the request
routing problem. Currently this task is usually addressed with a
set of routing rules and a mechanism executing them. One of the
most widely deployed such methods involves a list of entries, each
consisting of a string pattern in regular expression2 and a corresponding action. When a request arrives, the system extract the
characteristic string from the request and try to match it against
the pattern of each entry in the order they appear in the list. In this
paper, we would refer such a list as regex-action list, or RAL in short.
When the system finds a matching entry, it performs the action in
the entry and the handling for the request is done. One example
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Detailed Approach

In this section, we present formal treatments of core concepts in
this research. Extended discussions and justifications are omitted
due to space constraints. A version of the request routing problem
that supports multiple characteristic strings is also studied, but the
results are omitted, again, due to space constraints.

∗ This

extended abstract is written as a submission in the undergraduate category
to the Student Research Competition held at ICFP 2017. The title of the research
which produced this paper is “Formulation of a routing specification language for web
applications”.
1 for the definition of URL and HTTP, we refer to [1] and [2], respectively. In this paper,
we only concern the path part of the URL of an HTTP request.
2 for the definition of regular expression, we refer to [3]. We may use the word regex
in referring to regular expressions. In this paper, we adopt the POSIX Basic Regular
Expression notation for formulating regular expressions [6].

Definition 2.1. Given Σ, a finite set and A, a countable set, we
call a partial function ρ : Σ∗ ↛ A a request routing specification, or
routing specification in short, where Σ∗ denotes the Kleene closure
of Σ. Here, we call Σ the alphabet, Σ∗ the language, and A the action
space.
1

SRC@ICFP’17, September 4–6, 2017, Oxford, United Kingdom

Haochen Xie

Definition 2.2. Given ρ, a routing specification, we define the
request routing problem, or routing problem in short, for ρ to be the
challenge to: (a) give a formal formulation for ρ, and (b) give an
algorithmic implementation that simulates3 ρ.

It is then natural to give the definitions of the behavior functions
for α-FA as below.
Definition 2.7. We firstly define τ̂ : Q × Σ∗ → Pfin (A), the extended action assignment function for α-DFA and α-NFA respectively
as
τ̂ D (q, w ) = τ ∗ (δˆ (q, w ))
[
τ̂ N (q, w ) =
τ ∗ (p)

Definition 2.3. Given P, a class of routing specifications, we call a
method that assigns a solution to the routing problem for each ρ ∈ P
a request routing device, or routing device in short. Here, we say that
such a routing device solves P, or any ρ ∈ P. Furthermore, we use
the notation P(DEV ) to denote the class of routing specifications
that could be solved by the routing device DEV .

p ∈δ̂ (q,w )

where δˆ is just the conventional extended transition function for
finite automata that has type Q×Σ∗ → Q for deterministic automata
and type Q × Σ∗ → P (Q ) for non-deterministic automata; τ ∗ : Q →
Pfin (A) is defined as τ ∗ (q) = τ (q) if q ∈ F and ∅ otherwise for both
types of α-FA.
We then define â : Σ∗ ↛ Pfin (A), the behavior function for an
α-FA as


τ̂ (q 0 , w ), w ∈ L(M )
â(w ) = 

 ⊥,
w < L(M )
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where L(M ) denotes the language denoted by the automata M.

Definition 2.4. Given DEV1 and DEV2 , two routing devices, we
define them to be equivalent if P(DEV1 ) = P(DEV2 ) and write it as
DEV1 ≃ DEV2 .
Observe that to define a routing device, it suffices to define a
language in which routing specifications can be formulated and to
show that the semantic denotation of each term in the language is
computable.
Definition 2.5. Given Σ, an alphabet, and A, an action space, we
call l, a finite list on RE(Σ) × A, a regex-action list, or RAL in short,
where RE(Σ) denotes the regular expressions over Σ. We also use
RAL(Σ, A) to denote the set of all regex-action list over Σ and A.
Given l : RAL(Σ, A), we define its semantic denotation ⟦l ⟧ :
Σ∗ ↛ A as


α, for the first ⟨ϕ, α⟩ ∈ l s.t. w ∈ L(ϕ)
⟦l ⟧ (w ) = 

 ⊥, if there exists no ⟨ϕ, α⟩ ∈ l s.t. w ∈ L(ϕ)

where L(ϕ) denotes the language of the regular expression ϕ.
Since the list l is finite in length and the membership check for
regular languages is known to be decidable, the denotation of each
RAL is computable for any alphabet and action space. We thus treat
the language we defined above as a routing device and denote it as
RMR, for (the method of) regex-match then route.

Definition 2.8. Given M 1 and M 2 , two α-FA, we define them to
be equivalent if â M1 = â M2 and write it as M 1 ≃ M 2 .
Lemma 2.9. For any α-NFA N , there exists an α-DFA D s.t. N ≃ D.
Proof. This can be shown with a slightly modified version of the
conventional proof that shows ϵ-NFA is not more expressive than
DFA with a straightforwardly extended powerset construction. □
The meaning of behavior function matches our intuition that for
a given α-FA M and w ∈ L(M ), â(w ) yields the action that should be
performed as specified by M. Used as a routing device, â(w ) should
always yield exactly a singleton, or we should attribute the α-FA as
ill-formed. We thus define the following property, the equivocality6 ,
for α-FA to identify such ill-formedness.

Definition 2.6. Given Σ, A, and Q, an alphabet, action space, and
finite set respectively, we define the 7-tuple

Definition 2.10. Given M, an α-FA, we define it to be unequivocal
if for all w ∈ L(M ), â(w ) = 1. Conversely, we define M to be
equivocal if for some w ∈ L(M ), â(w ) , 1, i.e. M is equivocal iff M
is not unequivocal.

D = ⟨Σ, A, Q, q 0 ∈ Q, δ : Q × Σ → Q, F ⊆ Q, τ : F → Pfin (A)⟩
to be a deterministic finite automata with actions, or α-DFA in short,
and the 7-tuple
N = ⟨Σ, A, Q, q 0 ∈ Q, δ : Q×(Σ∪{ϵ }) → P (Q ), F ⊆ Q, τ : F → Pfin (A)⟩
to be a non-deterministic finite automata with actions, or α-NFA in
short, where Pfin (S ) denotes all finite subsets and P (S ) denotes
the powerset of S for any set S; and ϵ denotes the empty string.
Here, we call Q the set of states, q 0 the initial state, δ the transition
function, F the set of accepting states, and τ the action assignment
function. Furthermore we call α-DFA and α-NFA collectively as
α-FA and use the meta-variable M to range through α-FA.
The only essential difference between α-FA and standard finite
automata is the addition of the action assignment function. Intuitively, this function assigns the action to be performed when an
automaton lands at some accepting state after processing a string.4

Proposition 2.11. For any α-FA, its equivocality is decidable.
Proof. Firstly observe that the equivocality of any α-DFA is decidable. This is because ∀w ∈ L(D), â(w ) = 1 is equivalent to ∀q ∈ F ,
τ (q) = 1 for any α-DFA D. The latter is clearly decidable since τ is
finite in the sense that its domain is a finite set and each element
in its codomain is also a finite set.
We then conclude by observing this proposition is just a corollary
of Lemma 2.9 due to the fact that if M 1 ≃ M 2 , M 1 is equivocal iff
M 2 is equivocal.
□
5 We adopt the standard definition here, where L(M )

= {w ∈ Σ∗ | δ̂ (q 0, w ) ∈ F } if M
is deterministic and L(M ) = {w ∈ Σ∗ | δ̂ (q 0, w ) ∩ F , ∅} if M is non-deterministic.
6 The naming is due to the fact that the term “ambiguity” is already taken in automata
theory and has a different meaning.
7 A few notes for this diagram:
(a) it is known that for all regular expression ϕ we could construct an ϵ -NFA
N s.t. L(N ) = L(ϕ ) and N has only one accepting state, which justifies our
using regular expressions as the label of transitions in this diagram.
(b) the action assignment function for the α -NFA is defined as τ (q Ai ) = {α i }
as illustrated in the diagram, where q Ai being the i th accepting state (more

3 in the sense that a program p in some programming language L s.t. ⟦p ⟧ L = ρ exists.
The expressions “having an algorithmic implementation” and “computable” are used
interchangeably in this paper. We also use the expression “predicate X on set A is
decidable” in the sense that the total function χ X : A → {⊤, ⊥} s.t. χ X (a) = ⊤ iff
X (a) is computable.
4 We choose to use P (A) as the type of its codomain only to ease technical treatments.
fin
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Figure 2. Canonical α-NFA construction7 , for s = {⟨ϕ i , α i ⟩}i=1..n
Definition 2.12. Given Σ, an alphabet, and A, an action space, we
call s, a finite set on RE(Σ) × A, a regex-action set candidate. We use
RAS ′ (Σ, A) to denote the set of all such candidates.
Given s : RAS ′ (Σ, A), we define M (s), the canonical α-NFA of s,
to be the α-NFA illustrated in Fig. 2. We call such an s a regex-action
set, or RAS in short, if its canonical α-NFA is unequivocal. We use
RAS(Σ, A) to denote the set of all regex-action sets over Σ and A.
Given s : RAS(Σ, A), we define its semantic denotation ⟦s ⟧ :
Σ∗ ↛ A as
⟦s ⟧ (w ) = α, for â(w ) = {α }
where â is the behavior function of the canonical α-NFA of s.
Now observe that for each s ∈ RAS(Σ, A), its canonical α-NFA
itself provides an algorithmic implementation for the routing specification ⟦s ⟧. We thus treat the language defined above as a routing
device and denote it as FAA, for (the method of) finite automata
with actions.
Proposition 2.13. Routing devices RMR and FAA are equivalent.
Proof. It is to show that P(RMR) = P(FAA), for which we show
the two directions separately.
For the direction P(RMR) ⊆ P(FAA), observe that for any RAL
l we can always construct another RAL l ′ that is (a) unambiguous in the sense that the regexes of any two entries of l ′ denote
non-intersecting regular languages and (b) that l ′ is equivalent to
l in the sense that ⟦l ⟧ = ⟦l ′ ⟧.This could be trivially done due to
the fact that the class of regular languages is closed under relative
complement8 . The unambiguous RAL l ′ could then be treated as a
RAS denoting the same routing specification.
For the direction P(FAA) ⊆ P(RMR), observe that for any RAS s,
if we compile its element as a list l in any order, l would be a RAL
that denotes the same routing specification.
□
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precisely, the one that has a transition onto it labeled ϕi ); the action space
for the α -NFA is clear from the the type of s .
(c) formal formulation of this construction is omitted due to space constraints
but the construction itself should be clear from this illustration.
8 i.e. for any regular languages L and L , the language {w |w ∈ L andw < L } is
1
2
1
2
also a regular language.
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